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Abstract
We study a quasi-2D granular gas that is vertically vibrated. Precise particle
tracking from a Phantom V7.2 camera which captures images at 63492 frames
per second allows accurate measurement of the momentum transfer from
individual collisions as well as from particle motion. With this, we are able to
obtain the experimental measurement of the stress tensor. The time-averaged
total stress measured shows at least a 95% agreement with the expected
hydrostatic balance of the system, indicating that we are adequately resolving
the stress. These experimental measurements provide reliable tools that can be
directly used for future evaluations of the constitutive equation for stress used in
hydrodynamic models.
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Chapter

1

Introduction
1.1

Understanding Granular Gases

A granular system is a large number of discrete, macroscopic particles. From
pebbles to gravel, from coals to cereals, and from salt to sand, all such grains are
granular materials, which are invariably present all around us. While such discrete,
visible particles possess such a wide range of behaviors, the study of granular
materials have become increasingly interesting to physicists as they attempt to
construct and investigate the fundamental principles which govern the physical
properties of these systems [1]. There is no doubt that this ﬁeld of study provides
many interesting questions for the researcher: at what point does a static pile of
grain starts to ﬂow?; what does it take to pack this pile of grains such that this ﬂow
may not occur?; where it begins to ﬂow, what can cause the jamming of the ﬂow?
Granular materials are unique in that they can behave interchangeably as a solid
and a ﬂuid as an aggregate, which is a characteristic that is rather reminiscent
of the behavior of classical atomic systems. As such, where a granular system
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is set into motion, it is capable of displaying almost every known hydrodynamic
ﬂow [2]. That materials of such a wide range of dimensions and characteristics
can be closely paralleled to an overarching theory continues to inspire further
investigation into understanding these systems [3].
When a static granular system is excited (whether through driving by an external force, or by its molecular dynamics) such that particles move freely between
collisions with one another, it begins to behave like a ﬂuid. This ﬂuidized state
of a granular system is then known as a granular gas. The system is identiﬁed
accordingly as long as particle interactions are short ranged and their collision
time is short with respect to its mean free time. As such, granular gases are to be
thought of in terms of particle interactions, where the contribution of interstitial
ﬂuid is negligible. Although such a system has been coined as a “gas” because
of the similarities of its behavior to a classical molecular gas, there exists stark
diﬀerences between both systems. The granular nature implies large and inelastic
particles. Therefore, unlike molecular gases, granular gases experience dissipative collisions, where an unforced steady state is impossible. Consequently, many
physical descriptions of molecular gases, such as the Maxwell-Boltzmann velocity distribution function, the principle of minimum energy, and the equipartition
theorem, are not equivalently descriptive of the granular gas [4]. Regardless, its
similarities have compelled an increasing amount of research dedicated to adopt,
modify and test more general forms of the classical kinetic and hydrodynamic
theory models in understanding the physics of granular gases [2].
Various numerical and experimental methods have been developed to further
understand the fundamental principles governing the physics of these systems.
Whether kinetic and hydrodynamic theories can be applied to the physical phenomenon of granular gases as a general framework still remains debatable [1].
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Much research has been done on investigating where employing such theories may
fail. A phenomenon not observable in classical atomic gases is the inelastic collapse, whereby an inﬁnite amount of collisions occur within a ﬁnite amount of time
when external forcing is terminated, causing all particles to halt. Molecular dynamics (MD) simulations were used to further investigate this phenomenon, which
led McNamara et al. [5, 6] to conclude that granular gases are incompatible with
continuum theories. While the kinetic and hydrodynamic equations for classical
ﬂuids can be derived from equilibrium assumptions, granular gases do not reach
such an equilibrium on their own. Where an equilibrium-like granular system
is proposed, the granular gas is artiﬁcially forced to remain homogeneous. This
state is known as the homogenous cooling state (HCS) and shares many common
features with equilibrium systems even though the granular temperature decays
at

1
,
time2

an expression proposed by Haﬀ [7] from a hydrodynamic description.

Yet this state is merely a theoretical construct because the formation of clusters
inevitably follows, which gives rise to inhomogeneity and nonlinearity. It has only
been shown through MD simulations that clustering does not arise in small granular systems, although slight inhomogeneities still exist [8]. Another complication
which arises in trying to model granular gases based on classical gases is its lack
of scale separation [9]. Essentially, much of this complication arises from the inelasticity of granular gases, and it remains interesting to discover if this will be an
impediment in allowing the adoption of classical ﬂuid models. One can tell that
the complexities which arise from granular systems pose numerous challenges for
researchers within this ﬁeld.
Nevertheless, as long as experiments and MD simulations of granular gases are
modeled close to having properties of a classical gas (i.e. hard sphere collisions
in dilute gas), approximations based on classical ﬂuid dynamics are reliable ﬁts.
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In fact, continuum equations have been generally applied to a large variety of
granular systems (from chute ﬂows [10] to the motion of broken ice ﬁelds [11])
and have been shown to be a satisfying description for dilute and nearly elastic
granular gases [12]. In general, this is possible because distribution functions
and continuum hydrodynamic equations are modiﬁed to ﬁt slightly inelastic and
denser gases. The formulation of continuum models for granular gases are based
on the basic principles of the conservation laws for mass, momentum and energy
ﬁelds. The constitutive relations and transport coeﬃcients in these continuum
equations are then modiﬁed to take into account the inelasticity of granular gases,
which will be shown more explicitly in the following paragraph. Meanwhile, the
Boltzmann equation, f (⃗r, ⃗v , t), includes a collision integral to account for how
inelastic collisions alter the particle’s probability distribution (see Ref . [4]). With
the assumption that the granular gas spheres are nearly elastic with a coeﬃcient of
restitution, e, only slightly less 1, and that each particle’s probability function has
a nearly Boltzmann distribution, the following continuum equations are derived
(see Ref. [4, 13]):

∂n ⃗
+ ∇ · (nV⃗ ) = 0
∂t

(1.1)

∂ V⃗
⃗ V⃗ = −∇
⃗ ·σ
+ nV⃗ · ∇
∂t

(1.2)

∂T
⃗ = −∇
⃗ · ⃗q − σ : E − γ
+ nV⃗ · ∇T
∂t

(1.3)

n

n

where γ is the temperature loss per unit volume or the energy dissipation rate
∂u

and E is the strain rate tensor which has elements Eij = 12 ( ∂xji +

∂ui
).
∂xj

In order

to close the equations for the mass density, n, velocity, V⃗ , and temperature, T ,
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ﬁelds, the stress tensor, σ, and the heat ﬂux, ⃗q, needs to be expressed in terms of
the ﬁelds themselves and the relevant transport coeﬃcients, such that:

σij = P δij − 2λ · Ekk δij − 2µ · [Eij − Ekk δij ]

(1.4)

q = −κ∇T

(1.5)

where the bulk viscosity, λ, and the shear viscosity, µ, measures the opposition
to the deformation and compression of the ﬂuid respectively. The transport coefﬁcient κ is the thermal conductivity and P is the equation of state. Corrections
for dense gas and inelastic collisions are made where all of the aforementioned
parameters are expressed in terms of the pair distribution function, G(ν), and/or
the coeﬃcient of restitution, e (see Ref. [13]); for example, the equation of state,
P = (4/πr2 )νT [1 + (1 + e)G(ν)], includes both dense gas and inelastic eﬀects,
where ν =

1
nπr2
4

is the solid fraction in 2D. The pair distribution function,

G(ν), corrects for dense gas by accounting for the corresponding increase in the
probability of collisions. All these parameters derived from kinetic theory close
the modiﬁed Boltzmann equation, hence the continuum equations. Bear in mind
that while the continuum equations have been generally shown to be a satisfying
description for dilute and nearly elastic granular gases through macroscopic measurement of quantities [12], theorists have encountered many problems in deriving
expressions for relating the constitutive relations (i.e. stress tensor, heat ﬂux and
dissipation rate) to measurable microscopic quantities of the system [12]. Only
recent developments in kinetic theory has found expressions for the parameters in
Eqs.(1.3, 1.4, 1.5) in terms of G(ν), e, and T (see Ref. [13]), which are all measurable microscopic properties of granular systems with which the corresponding
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constitutive relations are then obtainable.
The stress tensor, σ, is especially worthy of note. The stress tensor is ﬁrst introduced in Eq.(1.2), derived from the conservation of momentum, from which we
can gain an important understanding of this constitutive quantity. The left hand
side of Eq.(1.2) clearly describes the acceleration of the ﬂuid, which is equated
to the source of this acceleration displayed on the right hand side of the equation. The source of this ﬂuid particle acceleration is therefore the divergence of
⃗ · σ or −
the momentum ﬂux, −∇

d
σ
dxi ij

, where the stress tensor, σ, can then

be thought of as a momentum ﬂux. This communicates that the stress tensor is
merely the result of the microscopic mechanisms of momentum transfer by particles within the system. The microscopic view of stress allows us to identify the
two mechanisms by which momentum-carrying molecules generate stress. Kinetic
stress arises where the particle moves across ﬂuid particle boundaries and carries
its momentum, m⃗vi , along with it. Collisional stress arises where colliding particles transfers its momentum over the distance between the particle centers at the
boundary of ﬂuid particles. Kinetic stress will tend to dominate where the gas is
more dilute while collisional stress will dominate in denser gases where frequency
of collisions are higher.
The continuum stress tensor in Eq.(1.4) describes the result of these microscopic
transfers as a continuum ﬁeld and relates it to the system’s microscopic properties
so that continuum models can be described without knowing particle trajectories.
While these continuum descriptions have been commonly applied to granular systems, we are interested to know if they are accurate descriptions. In particular,
we are interested in ﬁtting microscopic measurements of our granular gas system
into the speciﬁed equations, and test how such systems can be modeled by kinetic
theory and continuum mechanics. But before we are able to do so, we would need
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experimental results of the model parameters to compare the theoretical models
with. Retrieving such experimental results from granular systems has been a challenge for researchers due to technological limitations and complications. In this
thesis, we are interested in the experimental measurement of the stress tensor. It
has been an impossible feat thus far because it requires the observation of particle
collisions which demands close tracking of particle trajectories. Therefore, microscopic measurements of stress have only been done in MD simulations. Hrenya et
al. [14] used MD simulations to obtain constitutive quantities of a granular ﬂow
in investigating the accuracy of the continuum equations (of the Navier-Stokes
order) and the contribution of higher-order eﬀects. Galvin et al. [15] also used the
same MD simulations to predict the heat ﬂux in the Knudsen layer of the granular
ﬂow to observe the breakdown of the Navier-Stokes order within the region.
Our goal in this thesis is to experimentally extract the stress tensor of a quasi-2D
granular gas. Our granular gas is quasi-2D, made up of glass spheres conﬁned by
glass plates slightly more than one diameter apart. Where diﬃculty in detecting
microscopic collisions has impeded the experimental measurement of stress, we
now have access to particle trajectories at extremely small time scales and high
position accuracy which enable such microscopic measurements to be made. Since
these experimental measurements have never been made before, we will discuss
further the microscopic mechanisms by which the stress in the granular gas system
arises and propose the mathematical formulation by which the measurements are
to be made. Chapter 2 will describe the experimental setup, the changes that
have been made from previous granular gas setups in order to make the stress
measurements possible, and the process of extracting these measurements. Chapter 3 concludes with displaying the results of the stress measurements and shows
great appreciation for the accuracy and the precision of the measurements.
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Understanding the Stress Tensor

We shall now introduce the stress tensor in more detail. Stress is generally deﬁned
in introductory textbooks to be force per unit area acting on a surface, but where
it is quantiﬁed as such, the resulting stress is taken to be an average over the
area it acts upon. Stress, however, is not always uniformed at all points and in all
directions. Therefore, the Cauchy stress tensor, σ, allows for stress to be described
at a certain point, where it is made complete with its nine components σij in a
3D space:

σ
σ
σ
 xx xy xz

σ =  σyx σyy σyz

σzx σzy σzz





P
τ
τ
  xx xy xz
 
 =  τyx Pyy τyz
 
τzx τzy Pzz







(1.6)

Figure 1.1: Graphical illustration of the stress tensor.

We can gain a further understanding of the stress tensor by referring to Fig. 1.1,
where the stress tensor is deﬁned over an inﬁnitesimal surface element at a point.
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σxx refers to the force acting in the x-direction on the inﬁnitesimal surface with a
normal vector in the x-direction, σxy refers to the force acting in the y-direction on
the same surface, and σxz refers to the force acting in the z-direction on the same
surface. The same logic follows for the other components in the stress tensor. Pij
are called the normal stresses. Meanwhile τij are the shear stresses, which results
in deformation in the respective direction without a change of volume. Where
we are only interested in measuring the stress in a 2D system, the stress tensor
consists of four components:

σ=


Pxx τxy



(1.7)

τyx Pyy
We are interested in experimentally measuring the four terms of the stress tensor
in our quasi-2D granular gas system. In ﬂuidic systems, normal stresses can also
be thought of as the force acting perpendicular to the surface of a ﬂuid element,
analogous to the familiar concept of hydrostatic pressure (ρgh) which describes
stress in a static ﬂuid. A static ﬂuid, or the granular gas at steady state, is
where there is no net ﬂow of mass, momentum, and energy into and out of its
inﬁnitesimal surface element over time. Where the granular ﬂow is isotropic, the
oﬀ-diagonal terms of the stress tensor ought to be zero. Since molecules are far
apart and mobile in a ﬂuid, the inﬁnitesimal surface element is merely an artiﬁcial boundary, where molecules are constantly moving across. To obtain the
inﬁnitesimal expression of the stress tensor then requires a microscopic understanding of how the constitutive quantity can be calculated from the mechanisms
of momentum-carrying molecules.
Microscopically, stress is better understood as the momentum ﬂux, which is the
rate at which momentum crosses a surface in a granular gas. In our granular gas,
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there are two ways in which momentum can be transferred across the surface, that
is through the passage of molecules across the element surface, and the transfer
of momentum from molecules on one side of the surface to molecules on the other
side of the surface via a collision.
The ﬁrst is called the kinetic momentum ﬂux, which describes the passage of a
momentum-carrying molecule across the surface element. As a particle crosses
the surface, it carries a momentum, mv. Then the rate at which this momentum
enters the surface, or the rate at which this surface crossing occurs is given by the
number density, n, multiplied by the velocity of each particle, v. Therefore, the
expression for the kinetic stress component of the stress tensor is:

σijkinetic = mn < vi vj >

(1.8)

where the velocity squared value obtained for this stress component is taken to
be an average over the experimental values within a speciﬁc spatial region. It
is of no surprise that this expression is merely the granular temperature, which
is generated by velocity ﬂuctuations of the particles, multiplied by a constant.
It follows that v is therefore the deviation from the mean velocity. Since our
granular gas is expected to have zero mean velocity, < vi vj > can be thought of
as the average variance of the velocity ﬁeld. Within our granular system, we have
position data for particles with which we can easily resolve particle velocities and
calculate the kinetic stress accordingly.
The second mode of momentum transfer is called the collisional momentum ﬂux.
Here, momentum is transferred when a particle from one side of the surface collides
with another particle on the other side of the surface. This transfer is instanta-
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and occurs over a distance of one diameter, that is from the center of

one particle to the center of the other particle. To obtain this measurement, we
calculate the impulse in the instance of a collision, ∆p (or m∆v), and multiply
it over the diameter, d, in which the momentum is transferred. The transfer rate
is characterized by the frequency at which collisions occur per unit area, f /A.
With this, we formulate the following as the expression for the collisional stress
component of the stress tensor:

σijcollisional = (f /A) < ∆pi dj >

(1.9)

where < > represents the average over the experimental values at the corresponding spatial region. Once the collisions in the granular gas are detected, the collisional stress can be calculated from the velocities of the corresponding particles.
The total stress tensor is then obtained from the addition of both stress components:

σij = σijcollisional + σijkinetic

(1.10)

The following chapter will describe how our quasi 2-D granular gas setup has
made it possible to extract these stress measurements based on the formulations
proposed here.

1

This transfer actually happens at the speed of sound in the solid material, which is several

orders of magnitude faster than particle velocities.
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Experimental Setup
2.1

Acquiring the Data

The granular gas is made up of borosilicate glass spheres of diameter, d = 3.175 mm.
The glass spheres are placed in a chamber with two glassed viewing plates separated by 1.07d (or 3.4 mm), each of dimensions 92.3 mm by 66.8 mm, supported
by an aluminum frame. The coeﬃcient of restitution, r, was previously measured
to be r = 0.98 between the glass spheres and r = 0.92 between the glass sphere
and the aluminium wall [16]. 143 glass spheres are placed in the chamber to ﬁll up
ﬁve vertical layers. This depth is chosen so that there is a signiﬁcant gravitational
load on the gas while ensuring that the gas does not become so dense that particle
tracking is diﬃcult. This allows signiﬁcant amount of collisions between particles
while allowing enough space for particles to travel undisturbed between collisions
so that meaningful measurements for each component of the stress tensor can be
obtained. As shown in Fig. 2.1, the gas chamber is backlit by a theater lamp
shining on a diﬀusing screen which creates bright, uniform background lighting

12
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for the chamber while the spheres appear dark except for a bright aperture at
the center of the sphere. This is important for determining the center of the
spheres, which will be further explained in the following section. The chamber
is vibrated by an electromagnetic shaker at f = 100 Hz with non-dimensional
acceleration, Γ = ω 2 A/g = 39, where ω is the angular frequency of the driver, A
is the oscillation amplitude and g is the gravitational acceleration.

Phantom
V7.2 Camera

Quasi-2D
Chamber

Diffusing
Glass

Theater
Light

Figure 2.1: The experimental setup for measuring the stress tensor in the quasi-2D granular
gas. The chamber of the granular gas is ﬁlled with 5 layers of the glass spheres and is vertically
vibrated by an electromagnetic shaker at f = 100 Hz.

The experimental setup is identical to the ones previously used in the granular
gas experiments of Perez et al. [17] and Son et al. [18]. However, improvements in
imaging technology and the speciﬁcation of the experimental parameters has enabled this setup to calculate the stress tensor where it was not previously possible.
The images are taken at 63492 frames per second (fps) by a high-speed camera,
Phantom V7.2. Compared with the granular gas experimental setup previously
used by Rouyer et al. [19] to measure velocity ﬂuctuations with a camera at a
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rate of 2000 fps, the Phantom V7.2 records an improvement in the time scale
by a factor of 30. The recent granular gas experiment by Son et al. [18] used a
frame rate of 7000 Hz, which is still less than our camera’s frame rate by a factor
of 9. The high frame rate provides the ability to capture particle trajectories in
order for stress measurements to be made. Moreover, the position resolution of
the particles in the images are determined with a precision of 3/1000 of a pixel,
or equivalently, d/10000 or 300 nm in real space. Royer et al. [19] only had position resolution determined with a precision of d/40 (or 0.04 mm), and the recent
granular experiment by Son et al. [18] extracted position data with an accuracy
of d/390 (or 8.14 µm). These respectively show that the precision of the position
data from our granular gas is an improvement by a factor of 250 and 25 from
previous experiments. The following section will explain how the methods we utilized for determining position made this precision possible. Such high resolution
of position data is necessary given that we are capturing images at such a high
frame rate. This is because particle position does not change much from one frame
rate to another, so in order to resolve accurate velocity measurements between
each time frame, it is important to minimize large uncertainties or ﬂuctuations in
position data.
The driving of the shaker and the triggering of the camera were both executed by a
modiﬁed labVIEW program: gran smooth cycle. All data is ensured to be taken
with the same shaking amplitude. Images of the gas chamber are taken once the
granular gas reaches a steady state at a resolution of 290 × 160 pixels. This is not
a particularly high resolution, because at extremely high frame rates of 63 kHz,
only low spatial resolution can be recorded. However, this can be adjusted for by
using several diﬀerent viewing positions to obtain high spatial resolution images
of the entire chamber, although only images of 290 × 160 pixels (or 28 mm ×
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Position 3

Position 2

Position
Position11

Position 0

Figure 2.2: The full chamber of the quasi-2D granular gas system at steady state. The boxes
show the high-speed camera’s diﬀerent viewing positions, named Position 0 to Position 3. The
areas which are ﬁlled in show the overlap of the viewing positions.

15 mm in real space) can be acquired at a time. Fig. 2.2 shows how position data
of the full chamber is obtained at four diﬀerent vertical positions from the bottom
to the top of the chamber. Each viewing position contains regions of overlap
with other viewing positions to avoid loss of information from unreliable data at
the boundaries of the images. The four diﬀerent viewing positions were named
Position 0 to Position 3, where Position 0 refers to the bottom of the chamber, as
shown in Fig. 2.2. All such images are taken from a vertical strip approximately 5d
wide at the center of the chamber to avoid inhomogeneous eﬀects due to collision
with side walls. Before data acquisition, a ruler is placed along the height of the
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chamber such that its calibration starts at the bottom of the chamber. At each
viewing position, an image of the chamber with the ruler is captured respectively.
These calibration images record the precise chamber height at which the images
from each viewing position is taken.
The data analysis in this thesis is done with more than 12000 identical drive cycles
which consist of 7.8 × 106 images for each viewing position.

2.2

Processing the Data

From the images, position data is obtained using Mark Shattuck’s particle tracking
codes [20] to determine the center of the spheres. Shattuck’s code utilizes an ideal
particle as a reference deﬁned using a functional form based on the change in the
dark to the light shade of an idealized particle image. To determine the center of
a sphere as captured in the experimental images, a least-squares ﬁtting function
is deﬁned over the diﬀerence between the function of the experimental image and
the idealized image. The respective chi-squared distribution is minimized over
the domain of integration, that is the area of the experimental image, where the
ideal image is ﬁtted accordingly. When the minima is found, the position data is
accurately obtained from the ideal image. The horizontal and vertical location of
the spheres are both recorded in pixel units. This method diﬀers from a previous
method used to estimate the center of the particles in the same experimental setup,
developed in Voth’s lab [16]. This previous method draws radial lines outward
from an estimated point in the center of the particle image and determines the
edges of the particle where the change in its intensity passes a threshold. The
center of the particle is then taken to be the midpoint of all the edges found. Both
methods demonstrate vast improvements from previous methods of determining
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particle centers using centroid methods, while Shattuck’s particle tracking code
which is used here shows an improvement from the latter method by a factor of 25.
Shattuck’s method as compared to the one developed in Voth’s lab, however, is
computationally more expensive as it requires the analysis to be run on a parallel
cluster, which was performed accordingly in the City College of New York for our
granular gas experiment.
After position data is obtained, the Matlab particle tracking code [21] is then
used to diﬀerentiate and track spheres throughout sequential frames. It identiﬁes
position data from sequential frames which belong to the same particle and numbers each particle to diﬀerentiate it from other particle trajectories. All particles
detected within 0.5d from the sides of the images are omitted from the stress
measurements because partially visible particles cause likely inaccuracies in locating its center coordinates. This omission does not apply to the top and bottom
boundaries of the images taken at the top and the bottom of the chamber respectively because the edge of the chamber does not reach near the boundaries of the
images taken.
Once particle tracks have been identiﬁed, horizontal and vertical velocities of
particles can be resolved from the displacement of spheres between every frame.
Fig. 2.3 provides a clear visualization of vertical and horizontal velocity measurements of two particles at consecutive time frames before and after its collision,
where the collision time is set at t = 0. Collisions are observed within one time
frame, where particle velocity drastically changes. These velocity measurements
are possible although images are taken at such high frame rates because the center
of the spheres are resolved at such high precision. The small ﬂuctuations which
appear in the velocity measurements are inevitable, given that the velocities are
resolved between time frames that are only 1 × 10−2 ms apart. This further high-
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Figure 2.3: The (a) vertical velocity and (b) horizontal velocity of two particles which experience a collision at time t = 0. Note that t is set to measure the collision time between both
particles; it does not refer to the time frame at which the collision occurred. Particle 2 can
also be seen to experience another collision with a diﬀerent particle (not visible in ﬁgure) at
t = 0.25 ms. Similarly, Particle 1 experiences another collision with another particle (not visible
in ﬁgure) at t = 0.7 ms.
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lights the need for high accuracy in resolving particle displacements, which we
have at 3/1000 of a pixel, as previously mentioned. In fact, the ﬂuctuations are
small compared to the mean velocity data that is taken over a few time frames
where the velocity does not change signiﬁcantly; in Fig. 2.3, this refers to the regions before and after the collision at t = 0. Therefore, when determining change
in momentum from a collision, the velocities before and after collision can be accurately determined when it is averaged over a few time frames. Fig. 2.3 also shows
Particle 2 experiencing another collision with a diﬀerent particle (not visible in
ﬁgure) at t = 0.25 ms after the ﬁrst collision at t = 0 which drastically changes
the velocity of the particle. That the second collision of Particle 2 occurs only
a few time frames after its ﬁrst collision highlights how diﬃcult it is to capture
collisions and how the high frame rate makes this observation possible where it
was previously not.
The quality of our position data enables us to obtain accurate velocity measurements and detect collisions that occur in our granular gas. With this, we are
able to write Matlab codes to translate position data into stress measurements.
The kinetic stress is measured from the velocity variance in each particle, and is
localized at the center of spheres. Since the vertical and horizontal components of
the velocity averaged over time are approximately symmetric and equal to zero,
< vx > = < vy > = 0, the velocity variance is readily calculated from multiplying
the velocity components, vi vj where i = j = 2, of each particle as it separately
stores each component in relevant bins. The four terms of the velocity squared
matrix is then separately binned according to the corresponding particle’s vertical
location and time. The Matlab code also keeps track of the number of particles in
each bin and obtains a corresponding density value at the end of the run, which
will be important in calculating the theoretical hydrostatic pressure as a function
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of the height of the chamber. The four terms of the kinetic stress tensor at each
bin is obtained after the multiplied velocity components are normalized over the
area of each bin and number of time frames over which the data was taken.
Collisional stress is measured by searching for collisions, then calculating the
change in momentum of the spheres involved and multiplied by the frequency
at which it occurs per unit area. The Matlab code searches for pairs of spheres
nearly one diameter apart within the same time frame. Once the code detects
that such a pair is approaching proximity, it creates an array of position data
for these two spheres for the next few time frames until the pair moves a signiﬁcant distance apart. The point of collision is taken to be the point of minimum
distance between the colliding pair. Here, velocity of each particle involved is determined from averaging velocities over 10 frames before and after the collisions,
while omitting particle collisions without suﬃcient frames. With these velocities,
the impulse of each collision is then taken to be the average of the change in momentum of the two particles involved. For each collision, impulsei dj is calculated,
where i = j = 2 and d is the distance between the particle positions at the point
of collision. Meanwhile, the location of the collision, that is, between the centers
of the spheres, is taken to be where the stress is localized. Impulsei dj for each
collision is then separated into bins according to its collision location along the
height of the chamber and time, allowing data from new collisions to add on to
the data at relevant bins. The four terms of the collisional stress at each bin is
then obtained by dividing impulsei dj with the area of the bin and the time frames
over which the data was taken. Since collisions are instantaneous, this calculation which takes into account the frequency at which the collision occurs suﬃce
in describing the transfer rate. These steps to obtain collisional stress show the
amount of detail required of the particle trajectories.
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The next challenge is to align the stress measurements from all four viewing
positions to obtain the full height dependence of total stress. For each of the four
diﬀerent viewing positions, stress measurements are calculated as aforementioned.
The pixel to real space conversion for each viewing position diﬀers slightly due
to the positioning of the camera, and such is taken into account when scaling
the stress measurements into SI units. Then, calibration images of the ruler at
each position are used to correctly position the images taken at diﬀerent heights.
However, the experiment was further complicated when the calibration images for
the lower two positions (Position 0 and Position 1) could not be retrieved from
the hard drive, making it hard to determine the exact height the images were
taken. To avoid incurring high costs to repair the hard drive, a signiﬁcant amount
of time was spent on extrapolating from the available information to estimate
the calibration of the lowest position (Position 0) that was lost. The necessary
estimation is of two crucial pieces of information that is required to reconstruct
the full calibration needed to position all images.
First, we needed to reconstruct the oﬀset of the 0 mm point of the ruler against
the start of the bottom of the chamber to determine the systematic inconsistency
of all the calibration images. To obtain this estimation, a pair of position data
at the trough of the sinusoidal time-function within the same timescale is chosen.
This pair of data is of the highest pixel position in Position 3 and the lowest
pixel position in Position 0. Since we have the calibration image of position 3,
the highest pixel position is converted into real position units and subtracted
with the height of chamber to give the expected real position of the bottom of
the chamber, taking into account the radial distance above and below the data
points. The remaining value after the subtraction is the systematic oﬀset, which
is then subtracted from the height calibration of every position.
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Second, we needed to reconstruct the exact location where the bottom of the
chamber starts in the image of Position 0. Since it is already known that the lowest
pixel position in Position 0 is in direct contact with the bottom of the chamber,
upon its conversion to real space units (and after subtracting the systematic oﬀset
and one particle radius), the remaining value is the value that can be used to
correctly position the image of Position 0 along the height of the chamber. Having
conﬁrmed this value from one timescale, it can be subtracted across all timescales
to give a precise calibration. Once the calibration of Position 0 is obtained, the
positioning of Position 1 is ﬁtted through observing the continuous pattern where
data from Position 0 ends and where data from Position 2 begins. It is possible to
do so accurately because our microscopic measurements present detailed spacetime plots of stress which we will show in the following section.

Chapter

3

Experimental Results
3.1

Stress Measurements

Fig. 3.1 shows the time-averaged vertical component of both collisional and kinetic
stress and compares the total measured stress to the hydrostatic balance. All
stress measurements are functions of vertical position in the chamber. The data
points are taken to be at the centers of each spatial bin, whereby the ﬁrst bin
at the bottom of the chamber is omitted. This omission is because the this
bottom bin observes the chamber vibrating in and out of view; hence the large
amount of data excluded causes a large measurement bias. Error bars at each data
point measured using monte-carlo sampling on the whole data set show minimal
statistical uncertainty in both components of stress measurements.
The hydrostatic pressure is calculated from the particle density at each bin height
multiplied by the height of each bin, which varies according to the image position
where data is taken from. Pressure at the top of the chamber is estimated by
averaging the calculated pressure values within the four bins at the top of the
23
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Figure 3.1: The vertical component of the time-averaged kinetic stress (◦) and collisional stress
(•) both adds up to give the total measured (vertical) stress (×) in our granular gas. Error bars
show the statistical uncertainty of the measurements. The solid curve is the expected hydrostatic
balance calculated from corresponding density proﬁles.

chamber and added to the pressure at every height as a correction. Although this
may appear to be a mere assumption, it is clear that the pressure of the top of
the chamber is small (only an estimated magnitude of 7 N/m) compared to the
total stress (which has a maximum at 633 N/m), therefore its accuracy should be
of little consequence. We can be sure, however, that the pressure at the top of
the chamber is non-zero, because there are stress contributions from the collisions
of particles with the top of the chamber. This is a value we can only accurately
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ascertain through experimentally measuring it, but since its contribution is of
little signiﬁcance, we did not ﬁnd the need to do so.
Both the kinetic and collisional stress appear to be roughly equal throughout
most of the chamber. Both components of the stress decrease gradually towards
the top of the chamber as the density of the gas decreases. Near the top of
the chamber, that is roughly above 28 mm of the chamber height, kinetic stress
is higher than collisional stress. This is because as the density decreases, the
probability of a collision between two particles decreases more rapidly than the
probability of ﬁnding a single particle. Although density is low in this region,
particles still move at high velocities as they collide into the downward-moving
top of the chamber, contributing to a signiﬁcant level of kinetic stress, which will
be more evident in the space-time plot of the kinetic stress in Fig. 3.5. Near
the bottom of the chamber, between 8 mm to 28 mm, collisional stress is higher
than kinetic stress, as would be expected since this region is signiﬁcantly denser
than the region above it, hence increasing the contribution of particle collisions
to the stress. Similarly, collisional stress dips toward the bottom of the chamber
because particle density gradually decreases below 20 mm of the chamber height
as shown in Fig. 3.2. Where the maxima of collisional stress at approximately
8mm occurs before the maxima of the density ﬁeld is due to the decrease in
particle velocities which outweigh the continual albeit relatively small increase in
density. Meanwhile, kinetic stress records a more rapid drop at the bottom region
of the chamber, where thereafter, the rate of decrease decreases towards the top
of the chamber. This is because the region of highest granular temperature is
where it immediately receives energy from the vibrating bottom. This ﬁrst layer
of high-velocity particles then dissipates a larger portion of its initial energy as it
is collides into the layer above it. As particle velocity gradually decreases along
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the height of the chamber, the rate of energy dissipation also decreases.
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Figure 3.2: The density proﬁle of the granular gas chamber with respect to the height of the
chamber. The density inversion shows that the granular gas displays the Leidenfrost eﬀect.

As a whole, a comparison of the stress measurements in Fig. 3.5 with the density
plot in Fig. 3.2 conﬁrms that collisional stress dominates where the density is
higher and kinetic stress dominates where the density is lower. Summing up both
stress components, we ﬁnd that the total stress accounts for more than 95% of
the expected hydrostatic balance. The agreement of the measured stress with the
hydrostatic balance appears to be almost exact at the top half of the chamber.
Measured stress tends to be lower than expected at denser regions, particularly
within 5 mm to 25 mm of the chamber height, where collisions are more likely
to escape detection. The next section further explains why the main source of
missing stress is due to the collisional stress component. Regardless, this is an
incredibly compelling match since collisions are hard to detect, and is only made
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possible due to images of such high precision taken at such a high frame rate.
The density proﬁle in Fig. 3.2 is worth further appreciation. Aside from the dip
in density at the bottom of the chamber, density decreases as the height of the
chamber increases. Such would follow as energy dissipates upon collision due to
the inelastic spheres, which tend to gather in the direction of the gravitational
acceleration. Fewer particles gain a large enough momentum to reach the top of
the chamber. Of interest is the initial dip before the density reaches its peak at
20 mm above the bottom of the chamber. This is known as the granular Leidenfrost eﬀect, which has been experimentally observed and explored by previous
studies [22, 23]. This eﬀect is observed when a rapid vibrating bottom induces
immediately above it a low density region of high-velocity particles, which acts
to support a denser region of particles above. This phenomenon is akin to the
original Leidenfrost eﬀect which is observed when a water droplet on a hot plate
bounces and hovers over its own vapor. This vaporized layer then sustains the
droplet as it separates the denser region from direct contact with the hot plate,
just as the region of low density in the granular gas maintains the region of higher
density above it. This eﬀect has been identiﬁed to occur at a critical shaking amplitude and frequency during the system’s transition from the solid state to a pure
gas state [22, 23]. This certainly ﬁts the description of our granular gas system.
The Leidenfrost regime can be further observed when comparing its kinetic stress
proﬁle in Fig. 3.1 with its density proﬁle. While the density is lower at the Leidenfrost regime, that is from 0 mm to 20 mm of the chamber height, kinetic stress
remains higher than the region above it. Hence this cloud of high-velocity gas
is able to separate and maintain the region of denser granular ﬂuid from contact
with the vibrating bottom, maintaining a density inversion that is characteristic
of the Leidenfrost eﬀect.
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Fig. 3.3 compares the vertical and horizontal component of each stress component. In both cases, the horizontal stress component has a smaller value than its
corresponding vertical component. This is due to the vibration of the chamber
in the vertical direction. There appears to be a larger diﬀerence in kinetic stress
between its horizontal and vertical component, particularly at the bottom of the
chamber where the trend diﬀers. The horizontal kinetic stress dips further at the
bottom of the chamber because horizontal temperature is injected by the ﬁrst
oblique collision between particles which are unlikely to be less than one diameter
from the bottom.
Fig. 3.4 displays the collisional, kinetic and total stress of one of the oﬀ-diagonal
components. The symmetric oﬀ-diagonal components of the total measured stress
tensor appear as ﬂuctuating values around zero within a range of ±3 N/m. This
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Figure 3.4: The σyx component of the stress tensor where (a) is its corresponding kinetic stress
component (b) is its corresponding collisional stress component and (c) is the corresponding total
stress along the height of the chamber.

is consistent with our granular system which assumes negligible shear stress and
assumes that the spheres do not have a preferred direction of exerting stress from
one direction onto another axis. There appears to be a larger deviation in stress
at the bottom of the chamber in all three graphs in Fig. 3.4, which might be
counterintuitive given that there is more particle data available for this region.
However, since the bottom of the chamber has a much larger stress value, the ratio
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of the error value over its corresponding total stress at each data point is actually
lower at the bottom of the chamber than the top of the chamber. Although the
oﬀ-diagonal stress measurements appear to be slightly skewed towards positive
values, the mean of the stress measurement across all height is merely 0.199 N/m,
which is a small value compared to the total horizontal stress which ranges from
17.93 N/m at the top of the chamber to 338.26 N/m at the bottom of the chamber.
That the shear stress is close to zero and its measurement ﬂuctuations are minimal
further conﬁrms the precision of our measurements and the minimal contribution
of statistical uncertainty.
Fig. 3.5 shows plots of the vertical component of kinetic and collisional stress
as a function of vertical position and time. This enables further visualization of
how the stress changes in one period of oscillation, T = 0.01s. The sinusoidal
wave pattern at the bottom of the chamber clearly shows the oscillation of the
chamber. Within the kinetic stress ﬁeld, serrated substructures can be seen at
the bottom of the chamber. The ﬁrst substructure at the base of the chamber is
caused by downward-moving spheres encountering an upward-moving base which
transfers its energy accordingly, the second is caused by the transfer of energy
from a rapidly upward-moving particle to another via a collision, so on and so
forth. Substructures up to the fourth serration can clearly be seen. Meanwhile
at the top of the chamber, the sinusoidal wave pattern is also present albeit less
visible due to the relatively low stress measurements. Even so, serrations can be
seen within this region, due to high-velocity particles which acquires its energy
upon encountering the top wall of the chamber. When this region near the top
of the chamber in the kinetic stress proﬁle is compared to the same region in
the collisional stress proﬁle, it is clear that the stress contribution of its kinetic
component is signiﬁcantly higher as previously discussed.
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Figure 3.5: Space-time plots of the vertical component of the (a) kinetic stress and (b) collisional stress measurements.
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Similar serrated substructures appear in the collisional stress ﬁeld at the bottom
of the chamber, except that the serration appears at 0.5d higher than that in the
kinetic stress ﬁeld. This ought to be of no surprise because collisional stress is
set to be localized between the center of spheres, which is a diﬀerence of 0.5d
from where the kinetic stress is localized at the center of the spheres. The substructures in the collisional stress ﬁeld remain coherent up to the third serration.
Meanwhile, no serrated substructures or sinusoidal wave function can be observed
near the top of the chamber. Here, the random nature of collisions becomes more
evident at the region of low density where it is not in direct contact with energy
injected by an external source. As a whole, the collisional stress ﬁeld is relatively more pixelated. It is likely that the noise is greater in the collisional stress
measurements because there are many more measurements of particle velocities
than there are of collisions; while particles are constantly in motion, collisions
only occur intermittently. Given more data for collisions, it is possible that the
collisional stress ﬁeld will display a smoother gradient. This further shows the
diﬃculty in obtaining such measurements, and the likelihood that there remains
missing collisional stress in our measurements.
Fig. 3.6 shows the corresponding plots of the horizontal component of kinetic and
collisional stress as a function of vertical position and time. Note that the range
of the stress values are lower than the range in its vertical component in Fig. 3.5,
which is as expected since horizontal stress is lower than vertical stress in the
vertically vibrating chamber. Serrated substructures can still be seen in both the
kinetic and collisional stress ﬁelds, although there are fewer visible substructures
and are less deﬁned compared to its vertical component. The sinusoidal wave
pattern at the bottom of the chamber is also relatively less deﬁned than its vertical
components in both ﬁelds, and neither stress ﬁeld portrays the sinusoidal wave
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Figure 3.6: Space-time plots of the horizontal component of the (a) kinetic stress and (b)
collisional stress measurements.

Chapter 3 - Experimental Results

34

pattern at the top of the chamber. This contrast follows from comparing the
upward streaks in Fig. 3.5 of the vertical stress components with the horizontal
streaks in Fig. 3.6. Both vertical and horizontal space-time plots show that our
microscopic measurements are able to provide detailed descriptions of macroscopic
quantities.

3.2

Other Measurement Uncertainties

It has already been shown in Fig. 3.1 that random errors are negligible in our experimental measurements. Yet there remains other sources of systematic errors to
further explore. This takes into account how experimental limitations such as not
having inﬁnite frame rates per second could aﬀect our stress measurements.
To estimate possible systematic errors in our stress measurements, we rerun our
data through our Matlab codes using only data in every alternate frame. Fig. 3.7
compares stress measured from data with half the frame rate with the ﬁrst set
of measurements of the full frame rate. Kinetic stress appears almost unchanged
although the frame rate is decreased by half. This shows that the frame rate
of our camera is extremely high, with which we are able to obtain the kinetic
stress measurement at a high level of accuracy. Collisional stress decreases by
10% when the frame rate decreases by half because fewer collisions are detected.
There is no doubt that because collisions occur instantaneously and prevalently,
they are incredibly hard to detect. Hence even with our high frame rate, it
is likely that insuﬃcient frame rates could still be the source of missing stress
measurements, particularly at the bottom of the chamber where collisions happen
more frequently.
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Figure 3.7: Kinetic stress measurements using half frame rate (∗) compared to its initial
measurement using the full frame rate (◦) and collisional stress measurements using half frame
rate (♢) compared to its initial measurement (•).

There remains another possible source of missing collisional stress measurements
to investigate. The Matlab code calculates collisional stress such that the impulse
is obtained using particle velocities averaged over 10 frames before and after the
collisions. Because this step invariably omits particle collisions without suﬃcient
frames, changing the frame range over which the velocity data is averaged over
further helps to ascertain possible measurement uncertainties this omission may
cause. Fig. 3.8 shows how collisional stress measurement changes when the frame
range over which velocity is averaged is decreased (to a range of 4 and 7 frames)
and increased (to a range of 13 and 16 frames). Lower frame ranges allow more
collisions to be included and increases the measured collisional stress. Increasing
the frame range would have the contrary eﬀect. Yet in all four variations, there is
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no more than a 5% diﬀerence in changing the frame range, and since lowering the
frame range would only result in higher inaccuracies, the frame range of 10 appears
to be a good parameter which would only be excluding minimal collisions.
On a side note, the Matlab codes used to calculate collisional stress does not take
into account the possibility that there could be two particles shearing past each
other without experiencing a collision, hence possibly including the contribution
of such a pair into its collisional stress measurements. However, because the pair
of particles only experience minimal change in velocities before and after its shear
encounter, its contribution to the collisional stress is negligible.
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Figure 3.8: Collisional stress measurements using particle velocities averaged over 4 frames
(∗), 7 frames(◃), 10 frames (•), 13 frames (+) and 16 frames (×) before and after collisions.

There could also be other sources of missing collisional stress measurements that
we are unable to quantify. It is likely that rapid collisions might inevitably miss
detection. This could happen when the point of contact between two particles
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occur between the time frames, but where the impact is so hard that the particles
depart before it could be captured as a collision by the following image. This could
be the main source of missing stress where measured stress deviates the furthest
away from hydrostatic pressure at approximately 5 mm of the chamber height
(Refer to Fig. 3.1). Given the Leidenfrost eﬀect, this region of lower density
contains high-velocity particles, which may experience rapid collisions that are
not captured by the images. Another possible source of error is the eﬀect of the
collision of the particles with the side walls of the chamber, with which measured
stress of both components may be artiﬁcially high. However, since data was
obtained at a 5d vertical strip in the middle of the chamber, the eﬀect of the side
walls on the stress measurements should be minimal. A more signiﬁcant source
of error could be the shearing of the particles with the front and back walls of the
chamber. But since the shearing in this vertically vibrating system occurs equally
in all directions, it should not aﬀect our stress measurements. This eﬀect might
only result in a more signiﬁcant error if the heat ﬂux of the system were to be
measured.
Clearly, collisional stress measurements display a larger uncertainty than the kinetic component, and we have strong reasons to believe that there is a downward
bias of the collisional stress measurement. Therefore, it is evident that collisional
stress is the main the source of the 5% microscopic stress measurements that is
missing. Moreover, as previously mentioned, most of the missing stress is located
within the denser regions where collisional stress dominates; given that many more
collisions occur in this region, it is possible that even at such high frame rates, we
are unable to capture all of the collisions. Regardless, it is still rather compelling
that the uncertainties of our stress measurements are small, which is no more than
a 5% deviation from the measured value.

Chapter
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Conclusion
With our quasi-2D granular gas, we have successfully measured the complete stress
tensor and compared our measurements to the expected hydrostatic balance of
the system. Our stress measurements have shown to be impressively accurate and
precise as it accounts for 95% of the hydrostatic balance. This experimental measurement is of signiﬁcant consequence because the measurement of constitutive
quantities as such have only been previously done in MD simulations. Of the two
components of the stress tensor, collisional stress in particular requires extremely
close tracking of particle trajectories so that all the instantaneous particle collisions can be detected. That so many of these instantaneous interactions occur
within a short amount of time requires images of extremely high frame rates,
which was once a technological impediment. Our Phantom V7.2 camera is able
to capture 63492 images per second and we can resolve particle positions within
a precision of 300 nm, which allows us to extract the collisional stress for the ﬁrst
time. Although kinetic stress has been previously measured in terms of temperature ﬁelds [17], images obtained at our high frame rate, which is an increase of a
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factor of 9 compared to that of the recent experimental measurement [17], enable
this calculation to made at a much higher level of accuracy. We can also conclude
that the missing total stress measurement is most likely due to missing collisional
stress measurements. This is conﬁrmed when we observe that the measured stress
relative to the expected stress is lower in the denser region where collisional stress
dominates. It is likely that even the high frame rate is unable to capture the
increasing number of rapid collisions in this region. This shows all the more how
diﬃcult it is to capture collisions in a granular gas. Yet, this diﬃculty further
highlights the signiﬁcance of our microscopic stress measurements being able to
account for at least 95% of the hydrostatic balance.
Ultimately, we were interested to investigate how well the fundamental principles
of granular gases can be described by the same principles which govern classical ﬂuid mechanics. In classical ﬂuids, the stress tensor can be obtained by the
continuum equations of the Navier-Stokes order, based on the conservation of momentum as shown in Eq.(1.2). But where granular particles deviate from classical
ﬂuid molecules in its basic elastic property, we are not certain if similar continuum models can be adopted for describing granular systems. Our granular gas is
modeled to be composed of nearly elastic spheres and to be fairly dilute so that
it can closely model the ideal molecular gas. Now that the experimental stress
measurement has been obtained, the next step is to compare these experimental
measurements with the continuum model in Eq.(1.2). Obtaining the stress tensor
in Eq.(1.4) is a straight-forward matter since developments in kinetic theory has
enabled all the parameters in the equation to be describable in terms of measurable quantities (i.e. temperature and the the pair distribution function, G(ν)) of
the granular system. Since temperature is readily obtained from our kinetic stress
measurements, G(ν) remains to be the only unmeasured quantity needed before
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our objective can be fully attained. Unfortunately, from the position data that
we have readily available for the measurement of the stress tensor, there is not
enough data to eliminate the noise in making the G(ν) measurements. Therefore,
we are not able to present the theoretical results of the continuum model for our
granular system in this thesis. The next task then, is to obtain the calculation of
G(ν). Nevertheless, the biggest challenge in comparing these continuum models
with experimental results has already been resolved now that we have extracted
our microscopic stress measurements. We have shown that we have reached another milestone in the ﬁeld of granular gases, where experimental measurements
are still very much needed to test the validity of theoretical models so that the
phenomenon of granular ﬂows may be better understood.
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