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Abstract
We measure the accelerations of large neutrally buoyant
particles (0.4 < d/η <15) at Reynolds numbers of Rλ ≈ 400, 720.
We present acceleration variance data which decreases with particle
size, in very good agreement with the d-2/3 prediction obtained
from a model which terminates the energy cascade at the size of
the particles. In addition, we report that PDFs derived from this
data display no significant particle size dependence. We also
present a new method for determining particle size during data
analysis, and suggest a possible derivation of the functional form
for the transition from small to large particle behavior in neutrally
buoyant particles from the pressure structure function.

1 Introduction
Typically, Lagrangian measurements of turbulence are undertaken with small
particles density-matched to the fluid in question. The assumption underlying the use of
these tracer particles is that they are small enough that their motion is identical to the
motion of the fluid itself. In the Kolmogorov theory of turbulence [1,2] the Kolmogorov
length scale (η) marks the characteristic size at which viscosity plays a significant role. At
this scale, energy is dissipated as heat instead of continuing to cascade through
progressively smaller eddies. At this size, as there are no smaller eddies for a particle in the
flow to trace, it is assumed that the motion of the particle matches the motion of the fluid.
However, in both nature and industry, many interesting systems exist which are comprised
not only of fluids, but also of what are effectively particles moving through that fluid.
Utilizing the same technologies which are used to examine the motion of tracer particles,
insight can be gained relating to real world systems consisting of large particles in a moving
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Figure 11 The Kolmogorov Theory of Turbulence. Properties in the left hand column are free
parameters that can be controlled through choice of fluid or apparatus. Properties in the righthand column are the small scale properties of the flow. These properties are determined
completely by the free parameters. It is this canonical theory which shapes our understanding of
turbulence and our derivation of a d-2/3 dependence of acceleration variance on particle size.

fluid. These systems include water droplets in clouds, sand or plankton moving in the
oceans, and even gasoline droplets in an engine. There are many interesting types of
particles that are studied. These range from small dense particles to particles lighter than
the fluid they inhabit, to systems in which particles can break apart, and fuse back together,
like oil droplets in water. By studying the motion of large particles (d > η) in a turbulent
flow, we can determine the breakdown of tracer particle behavior, the behavior of large
particles and the transition between these two regimes. In order to isolate the effect of size
on particle behavior from the effect of settling caused by non-density matched particles,
we study neutrally buoyant particles. Just as there are many different types of particles to
measure, there are also many interesting measurements that may be made. We focus on
acceleration because it is a single particle statistic, and therefore relatively simple to
3

calculate from data, and also because there exists a Kolmogorov prediction for fluid
acceleration, which is assumed to be identical to tracer particle acceleration.

Thus,

deviation from this prediction for larger particles can be studied.

1.1

Prediction of Accelerations of Large Particles
In order to determine the relationship between acceleration and other known

properties of the flow, we argue that acceleration is a small scale property, and therefore
must be a function of the other small scale properties of the flow: the Kolmogorov length
scale (η) and time scale (τη). These Kolmogorov Microscales are in turn products of
powers of only two variables ν, the kinematic viscosity of the fluid and ε, the energy
dissipation rate. The energy dissipation rate is the rate at which energy passes from the
larger eddies to the smaller eddies in the turbulent flow. A simple dimensional argument
can be used to determine the form of the acceleration variance:
a x2 = ν −1 / 2 ε 3 / 2 a o ,

1.1

where ao is a dimensionless acceleration parameter, which is thought to depend on
properties of the flow including viscosity, energy dissipation rate, and dimensionality of the
flow. As Kolmogorov’s theory of turbulence only defines the scaling of <a2>, ao cannot
be defined in general.
In order to predict the dependence of acceleration variance on particle diameter
one must consider not the actual motion of the fluid, but the motion of particles in that
fluid with diameter (d)> η. These particles do not trace out individual eddies smaller than
their own diameter; instead, their motion will average over these smaller eddies in much
the same way that viscosity damps out eddies smaller than η within the fluid. Therefore, it
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has been proposed that the motion of large particles can be modeled as a new flow whose
energy dissipation rate is unchanged, because the method and strength of mixing is not
changed, but whose viscosity is determined by setting η equal to d.

η = (ν 3 / ε )1 / 4 = d

1.2

ν = ε 1/ 3 d 4 / 3

1.3

Substituting this new effective viscosity into the acceleration variance relationship
(Equation 1.1) gives the result:
a x2 ∝ d −2 / 3

1.4

which describes the motion of particles significantly larger than η. This scaling relation,
proposed by Voth et al. [3] has not yet been adequately supported by experimental results.

1.2 Derivation of Deviation from d-2/3 Scaling at Low Diameter
A different argument stemming from Navier-Stokes (Equation 1.5) must be made
in order to determine an expression for the acceleration in the transition from tracer
particle to large particle behavior.
v
∂u v v v
1 v
v
+ u ⋅ ∇u = − ∇P + ν ∇ 2 u
ρ
∂t

1.5

The left hand side of the Navier-Stokes equation is the fluid particle acceleration. In the
limit that Reynolds number is large, the viscosity term also becomes negligible compared
to the pressure gradient. With these two assumptions Navier-Stokes may be modified:
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1 v
v
a = − ∇P

1.6

ρ

and, using the finite difference approximation, acceleration variance is, in turn:

a

 P − P1 

=  − 2
d ρ 


2

2

=

DP (d )

1.7

(d ρ ) 2

where P1 and P2 are the pressure on either side of a particle with radius r=d/2 , as shown
in Figure 1.2, and ρ is the density of the fluid.

Figure 1.2 Theoretical pressure gradient
showing pressure on opposite sides of a
particle with radius r=d/2.

The second moment of the pressure difference squared at a given separation is the
pressure structure function.

D p (d ) =

(P ( x ) − P ( x + d ) )2

1.8

Nelkin and Chen [4] have proposed that the pressure structure function (Dp) can be
derived via

r

D p (r ) =

∫
0

2

2

∞
 dD ( y ) 
 dD ( y ) 
2
y u
dy
+
r
y −1  u

 dy
∫
 dy 
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r

1.9
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from the velocity structure function (Du) proposed by Batchelor [5], with a sign correction
by Hill [6]:

Du ( x ) =

1 2 / 3 −2 / 3 2
ε η x (1 + αx 2 ) −2 / 3
15

x=

r

η

=

ϕ
2

1.10

1.11

Here, φ1 is the particle diameter scaled by η, the Kolmogorov length scale, r is the particle
radius, and α is an experimentally confirmed parameter (α=0.006455). This formula,
which has been applied by Nelkin and Chen [4] to the dissipation range (0< φ ≤1), exhibits
the proper d4/3 scaling predicted by Kolmogorov [1,2], but, as the structure function for
our data has not yet been calculated, it remains unclear if the turnover between small scale
behavior and large scale behavior will match the transition between large and small scale
behavior found in our data.

1.3 Background and Motivation
Three groups have reported measurements of the acceleration of large neutrally
buoyant particles in turbulent flows. Initial measurements of the acceleration of large
particles were undertaken by Voth et al. [3] in the same von Karman water flow between
counter rotating disks utilized in this work. At an Rλ of 970, acceleration variances were
measured for polystyrene particles with φ=1.4, 2.5, 7.4, 25 (Figure 1.3). Their results
agreed with but were not sufficient to confirm a d-2/3 relationship. These results suggest a
lower particle diameter limit for deviation from small particle behavior at φ ≥ 5.
1

We use the dimensionless particle size parameter, φ for ease of comparison between experiments with
different Rλ . φ is the particle diameter (d) scaled by the Kolmogorov length scale (η). In symbols: φ=d/η.
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Large particle wind tunnel measurements with Rλ=160, 7 ≤ φ ≤ 25 (Figure 1.3)
were reported by Qureshi et al. [7] in a flow seeded with Helium bubbles.

Their

measurements suggested that particles continued to deviate from d-2/3 for particle sizes as
large as φ =15. Their rather low Reynolds number resulted in a condensed inertial range.
This, combined with their novel particle creation technique, allowed for measurements of
accelerations of particles whose diameters are a much greater fraction of the energy input
length scale than had been previously made, but the effect of this condensed inertial scale
on the transition between small and large particle behavior is still unknown. It is unclear if
these results will hold true at higher Reynolds numbers. Their particle creation technique
also introduced significant deviation in bubble size, which ranged anywhere from 0.625η
for larger bubbles to 6.25η for the smallest bubbles due to nozzle instabilities. These large
errors also increase the difficulty of making conclusive statements based on their data.
Most recently, Xu and Bodenschatz [8] made measurements of large particle
accelerations in a flow similar to the flow used by Voth at Rλ=370, 460 (Figure 1.3).
Although the focus of their work was on the difference between the motion of tracer
particles, ‘large’ particles (φ=5.1), and non-density matched particles, they note that their
data agrees with previous predictions, as they saw no deviation from small particle
behavior even in particles with φ≈5.
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Figure 1.3 Previous Measurements of Large Particle Acceleration in Reynolds Number and
Particle Size. Squares represent initial measurements made by Voth et al. [3] Triangles
represent measurements made by Qureshi et al. [7] Diamonds represent the recent
measurements made by Xu and Bodenschatz. [8] Our data lie at points indicated with x’s.
Note that our low Reynolds number data (Rλ ≈ 400) lies within the Reynolds number range
of Xu and Bodenschatz This was chosen to allow for ease of comparison. Our apparatus,
chosen for its ability to operate at high Reynolds numbers, was unable operate at the low
Reynolds numbers used by Qureshi et al, and due to wear over time, it was no longer able
to reach the high Reynolds numbers attained by Voth et al. The top-most three points at
each frequency we used represent our poly-dispersed particle data, which are not yet fully
analyzed at this time. These points correspond to particle diameters of 650, 750, and 900
microns respectively.

These three works clearly define an open question in the field of turbulence
research: how does particle size effect acceleration measurements? They propose a partial
answer to this question in the form of d-2/3 scaling, and their results suggest that this scaling
holds. However, none have been able to conclusively confirm this relation. The need for
more low error data points at large φ in order to verify d-2/3 scaling motivates this work.
We hope that our large number of particle sizes and two different disk frequencies will
provide more conclusive evidence of the d-2/3 scaling than has been available previously.
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2 Experiment
2.1 Apparatus
Two dimensional Lagrangian particle tracking measurements were carried out in
the von Karman flow between counter rotating disks described in Voth et al. [3]. The
relevant parameters of the flow, including Rλ and the Kolmogorov Microscales, are shown
in Table 2.1. The particle positions were recorded by three Phantom v7 cameras at 20,000
frames per second at an image size of 256×256 pixels. The cameras were arranged around
the apparatus and focused on an imaging region of 1cm3 in the center of the flow. This
region was illuminated by a high-power frequency-doubled, pulsed Nd:YAG laser,
operating at 20Khz synchronized with the cameras. Two beams were required to allow for
forward scattering in all three cameras. These beams were obtained by passing the single
beam emitted from the laser through a high power anti-reflection coated beam splitter. In
order to illuminate the entire imaging volume, the beam was expanded, and then
collimated with a diverging (f =-30mm) and converging lens (f =150 mm) respectively
(Figure 2.1).

Disk
Frequency
Hz

5.25
1.6

ν
(×106)

Rλ

2

m /s

1.00
1.29
1.00
1.29

813
717
449
396

ũ

L

ε
2

η

τη

Nf

Imaging
Volume
3

m/s

mm

m /s

µm

ms

Frames/ τη

η

0.62
0.62
0.19
0.19

71
71
71
71

3.41
3.41
0.10
0.10

23.3
28.2
56.9
68.7

0.54
0.62
3.23
3.66

11
12
64
73

4303
3553
1753
1453

∆x
µm/pix

41.1
41.1
41.1
41.1

Table 2.1 Flow Parameters. The apparatus was operated at two disk frequencies and two viscosities for each
of these frequencies. This results in four values of each parameter. Columns from left to right represent
frequency of the rotating disks, kinematic viscosity of the fluid (ν), Reynolds number (Rλ), rms velocity of the
flow (ũ), energy input length scale (L), Kolmogorov time scale (τη), number of frames in each Kolmogorov
time scale (Nf), imaging volume in units of η3, and the width of one pixel in microns
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Figure 2.1 Optical Arrangement. The beam, represented here by a gray line, was expanded, split
and then directed by mirrors, so that it passed through the imaging volume at the center of the
flow, and so that all three cameras could collect light scattered in the forward direction relative to
at least one of the two beams. Lines with arrows represent lenses. The square represents a beam
splitter. The line without arrows represents a mirror, and the circles represent periscope
assemblies. Each periscope consisted of two mirrors, the first of which was at table height and
directed the beam upward. The second of these mirrors was directly above the first, and directed
the beam towards the center of the tank, in the plane occupied by all three cameras.

For the largest particle sizes (d>200 microns), much more light was scattered by
the particles towards the cameras than was scattered by smaller particles. This caused
image saturation, which would decrease position finding accuracy. As the laser intensity
could not be decreased to a level that would not cause saturation without causing
instabilities, an intensity reducing apparatus was created. This apparatus, which is not
shown in Figure 2.1, was made up of two polarizing filters affixed to each of the portholes
of the tank through which the cameras viewed the flow. With each new particle size the
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angle of the second polarizing filter relative to the first was adjusted to that particles in the
images were bright without being saturated.

2.2 Particles
All particles used were polystyrene spheres (ρ=1.05 g/cc). Measurements were
made on mono-dispersed particles obtained from Duke Scientific with diameters of 26, 55,
134, 222, 300, and 400 microns, as well as poly-dispersed ‘grinding media,’ with diameters
in the range 600-990 microns, obtained from Norstone, Inc. Pertinent information about
the various particle sizes can be found in Table 2.2.

d
(µm)

ν
(×106m2/s)

26
55
134
222
300
400
600
990

1.004
1.004
1.29
1.29
1.29
1.29
1.29
1.29

Disk Frequency
1.6 Hz
η
φ
(µm)

Disk Frequency
5.25 Hz
η
φ
(µm)

56.9
68.7
68.7
68.7
68.7
68.7
68.7

23.3
23.3
28.2
28.2
28.2
28.2
28.2
28.2

0.46
1.95
3.23
4.37
5.82
8.73
14.41

1.12
2.36
4.75
7.87
10.64
14.18
21.28
35.11

Table 2.2 Viscosities and disk frequencies used for different particle
sizes and the resulting η and φ for each of these configurations. Note
the low viscosity used for particles with d < 100µm, and that no data
was taken for d=55 µm at the lower disk frequency.
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2.3 Fluid
An 8% NaCl Solution by mass (ν=1.29×10^6 m2/s, ρ =1.0485 kg/L) was used in
order to density match particles with diameters greater than 100 microns, but DI water was
used for particles with diameters of 26 and 55 microns. Particles that are not density
matched have a different acceleration than the fluid, and we wish to isolate the effect of
particle size from the effect of density. For the smallest particle sizes, the particles follow
the fluid adequately even with a 5% density mismatch [3], and so we did not use corrosive
NaCl in the water for these experiments. Like dust motes seen in a ray of sunlight, or
feathers, the surface area of these small particles is great enough relative to their mass that,
although they are not density-matched to their surroundings, they fall relatively slowly due
to drag. In violent turbulence, like that occurring in our apparatus, these slowly sinking
particles are forced back up into the flow before any noticeable settling occurs.

3 Data Analysis
3.1 Fitting Acceleration
The cameras output one second movies, each of which was made up of 20,000
frames. These movies were reduced to particle positions for each frame. From these
positions, tracks were determined by identifying which particles in each frame
corresponded to particles in the previous frames based on proximity in both space and
time. Accelerations were determined by fitting a quadratic function to the position of the
particles. For each track, fits in each image coordinate were performed separately, with
time as the independent variable. A fit time (τf) must be chosen in order to determine
acceleration. Long fit times average over brief acceleration fluctuations and so report
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lower accelerations than actually occur. Short fit times are significantly influenced by
noise, and therefore will often report higher accelerations than occur in the tracked
particles (Figure 3.1). In order to reduce the bias due to both noise and averaging over
short term acceleration fluctuations, fits were carried out over a variety of lengths and an
acceleration variance was determined for each particle size, disk frequency, and fit length.
These acceleration variances, plotted as a function of fit length (Figure 3.2) were in turn
subject to an exponential fit in the region not dominated by noise. Although this method,
which was also used by Voth et al. [3], introduces a certain amount of error by assuming
that, in the absence of noise, the dependence of acceleration variance on fit time is the
same at fit times approaching zero as in the range 2 < τf/τη< 10, the error it introduces is
uniform across particle size and disk frequency. This method consistently over-estimates
the acceleration by about 10% [3], but the shifted acceleration variance values it has
produced in the past are consistent with acceleration variance measurements using
convolution and other methods.

Figure 3.1 Effect of Fit Length on Acceleration Measurements. Solid lines indicate different
quadratic fits to the particle trajectory, which is indicated by circles representing particle position in
different frames. Note that the long fit length averages over track structure, and that the short fit
length is heavily influenced by the noise. For this track a fit time of 40 frames, represented by the
thickest of the three black curves, provides the most realistic fit. Image, Voth et al. [3].
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Figure 3.2 Normalized Acceleration Variance as a Function of Normalized Fit Time. Here
measurements of the acceleration variance determined from the tracks of a single particle size at
many fit times are plotted on a log scale. By fitting an exponential to the points on this curve not
affected by noise (1< τf/τη < 5) we can extrapolate back to zero fit time. This exponential fit
appears as a line on this plot due to the log scaling on the vertical axis. The intersection of this
exponential fit with the vertical axis is a fit length and noise independent measure of the
acceleration variance for this particle size and mixing frequency.

Figure 3.3 Normalized Acceleration Variance as a Function of Normalized Fit Time. For higher
mixing frequency (5.25 Hz), the Kolmogorov time comprises many fewer frames. Tracks with a
similar length in frames will comprise many more τη at high frequency than at low frequency. At
large τf/τη acceleration variance has been shown to be particle size independent [3]. Our data also
exhibits this tendency; therefore, we fit an exponential to a similar range of fit lengths
( 2 < τf/τη < 10 ) at high disk frequency as was used to determine acceleration variance at low disk
frequency.
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3.2 Determining Diameters of Poly-Dispersed Particles
Although we have not yet completed the data analysis for the large poly-dispersed
particles, we propose a new method of particle size determination which may be used for
large particles, and is particularly useful for poly-dispersed particles, as it allows for
determination of particle size during data analysis. As such, it acts as a check for particle
size accuracy and particle sphericity, and allows a distribution of particle sizes to be studied
during one experimental run.

3.2.1

Optical Properties of Particles
In images, such as those gathered

for our experiment, rather than the entire
particle being visible, one or more bright
spots appear within the area subtended
by the particle in the image. These bright
spots, rather than the particle itself, are
tracked in order to determine the
accelerations of the particles. In order to
understand where these bright spots
appear on the particles first consider a

Figure 3.4 Particle Reflection. The direction of
beam incident on the particle is indicated by gray
arrows. Black arrows show light scattered by the
particle towards a camera located below the particle.
Figure a shows the two reflections caused by a
circularly polarized beam.
By using vertically
polarized light the scattered beam which is simply
reflected off of the surface of the particle can be
eliminated. Figure b shows two vertically polarized
beams scattering off a particle. This produces two
bright spots which are tracked parallel to one another
as the particle moves through the imaging volume.

single circularly or elliptically polarized beam incident on a sphere with a different
refractive index than its environment. This situation accurately models our particles. There
are only two paths which allow the light to be scattered into a given angle relative to the
incident beam. In our experiment this fixed angle is determined by the position of the
cameras. The first of these two paths follows a single reflection off the surface of that
sphere, and the second follows a refraction through the sphere itself, reflection off of the
16

internal surface of the sphere, and finally out into the medium (Fig 3.4.a). In an image
each of these scattered beams will appear as a bright spot. These two reflections can cause
significant impediments to data analysis. As the intensities of these two bright spots in the
image vary due to beam fluctuations or other noise, they become more difficult to track.
Computer tracking programs may be unable to determine which of these two bright spots
in successive frames correspond to one another, or these programs may form a track
which alternates between one bright spot and the other bright spot on the same particle in
successive frames, causing significant error in acceleration measurements. Voth et al. [3]
have shown that using vertically polarized light in forward scattering to illuminate the flow
minimizes the external reflection, leaving only a single bright spot in each particle. We
have taken care to ensure that this is the case in our optical setup.

3.2.2

Benefit of Two Beams
Our apparatus, however, has two beams.

The beam closest to camera 0

contributes negligibly to the light scattered into camera 2 and the beam closest to camera 2
likewise contributes negligibly to camera 0 (See Figure 2.1 for camera arrangement). Both
beams, however, contribute to the image formed in camera 1. As such, there are two
bright spots corresponding to each particle in the field of view for images recorded by
camera 1 (Fig 3.4.b). These bright spots have a unique quality. As the two beams both lie
along a horizontal plane, the two bright spots observed for each particle with camera 1 also
lie along that horizontal plane. As time goes on these pairs of bright spots trace out
parallel tracks.
These pairs of bright spots have two properties which enable them to be matched
to one another and tracked over time. In each frame each pair has the same height, and the
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horizontal separation the bright spots in each pair neither increases nor decreases over
time. The first property, that of identical height, allows all possible pairs to be determined
by including only pairs of bright spots whose vertical separation is less than one pixel. The
second property, that of constant horizontal separation, comes into play when the possible
pairs are combined with the tracks of individual bright spots. The useful pairs, those
whose tracks remain parallel, may be retained and non-spherical particles and bright spots
which only coincidentally have identical height may be excluded.
This method may be useful in the future analysis of large particle behavior, as it is
difficult to find large, precisely manufactured, mono-dispersed polystyrene spheres with
diameter greater than 400 microns. Demand sufficient to sustain an industry does not
exist for precise particles of this size. There is, however, demand for less precisely
produced polystyrene spheres.

These grinding media are designed to polish plastic

products. They come in a variety of sizes, but are typically poly-dispersed. One could
utilize these wide ranges of particle sizes after sieving them into smaller and smaller ranges,
in the hope that a negligible number of the particles are non-spherical, but it is more
efficient, and less prone to error to study these large, poly-dispersed particles as illuminated
by two beams, and to eliminate any error due to non-spherical particles through data
analysis.
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4 Results
4.1 Acceleration Distribution
Probability distributions of acceleration relative to the second moment of
acceleration are plotted for camera 0 at a fit length (τf) of 50 frames for both disk
frequencies (Figures 4.1-4.4). Consistent with previous measurements, these data show no
significant dependence on particle size. Noise in the tails of these distributions is a result
of differing resolution of the data at different particle sizes due to variation in the amount
of data obtained. The amount of data obtained depends on the number of movies
recorded, and the particle seeding density in the flow.
The curve in each of these plots is given by


aβ

P (a ) = C exp − (a 2 ) 1 +

σ




γ

 2
σ 
 
 

−1







4.1

with the constants: c = 0.786, β = 0.539, γ = 1.588, and σ = 0.508. This Reynolds
number independent function constructed by Voth [3] is a good model for our PDFs at a
disk frequency of 1.6 Hz. At our higher disk frequency, however, this function is a much
poorer fit to the PDFs displayed in figures 4.3 and 4.4. This is an effect of fit length. At a
disk frequency of 5.25 Hz, 50 frames is nearly 5τη, while 50 frames is less than τη for a disk
frequency of 1.6 Hz. This longer fit time relative to the Kolmogorov time scale (τf/τη) at
the high disk frequency causes temporal averaging of the flow as seen in Figure 4.1. This
temporal averaging in turn causes PDFs based on this fit time to over-report low
accelerations and under-report high acceleration, suppressing the tails of the distribution.
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Figure 4.1 Plot of transverse acceleration distribution for camera 0 at a
disk frequency of 1.6 Hz on a log scale with τf = 50 frames < τη. Note
that particle size does not affect the shape of this curve.

Figure 4.2 Plot of axial acceleration distribution for camera 0 at a disk
frequency of 1.6 Hz on a log scale with τf = 50 frames < τη. Note that
particle size does not affect the shape of this curve.
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Figure 4.3 Plot of transverse acceleration distribution for camera 0 at a
disk frequency of 5.25 Hz on a log scale with τf =50 frames ≈ 5τη. This
long fit time causes temporal averaging which results in over reporting
low accelerations and under reporting high accelerations. Note that even
this altered curve is the same for all particle sizes.

Figure 4.4 Axial Acceleration Distribution for camera 0 at a disk
frequency of 5.25 Hz with τf = 50 frames ≈ 5τη. Effects of temporal
averaging are even more distinct in this coordinate.
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This fit time effect highlights a puzzling feature of these PDFs.

Temporal

averaging affects the shape of these plots, however spatial averaging via the use of large
particles does not. It is possible that insight into this result, which is consistent with
previous measurements, may be gained from the analogy between acceleration and
pressure difference derived from Navier-Stokes using the finite difference approximation
(Equation 1.7).
Pressure Difference = ∆P = P ( x) − P ( x + d )

4.1

As acceleration is proportional to pressure difference, we can conclude that the
pressure distribution is also proportional to the acceleration distribution for all particle
diameters (d):

PDF (∆P) =

P ( x) − P ( x + d )
( P( x) − P( x + d ))

2

∝ PDF (a ) =

a
a2

4.2

As the acceleration distribution is the same for all d, the distribution of pressure difference
must be the same at all d. This suggests a self-similarity of pressure difference at all
measured length scales. However, the pressure distribution is not fully self similar. At
large scales the pressure difference PDF can be approximated as a Gaussian, while at the
small scales behaves self-similarly, like the acceleration distribution. More work is required
in order to understand why the particle PDF does not follow this expected behavior by
becoming more Gaussian for particle sizes within the inertial range.
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4.2 Acceleration Variance
Figures 4.5 and 4.6 show our most important result: the dependence of
dimensionless acceleration variance on particle size. These values have been determined
via exponential fitting to the acceleration variance calculated at many fit lengths. A
decrease in the acceleration variance associated with deviation from small particle behavior
is clearly visible in Figures 4.5 and 4.6. Consistent with measurements made by Voth et al.
[3], the acceleration variance found in the axial coordinate is less than that found in the
transverse component, due to the anisotropy of this particular flow. The solid curve in
each of these figures represents a d-2/3 scaling law. In Figure 4.6 the solid curve represents
the exact fit used by Voth et al. [3]. This curve, originally fit to only two data points at
φ≈7, and φ≈25, shows remarkable agreement with my data points. Figure 4.7 plots the
dimensionless acceleration variance already scaled by d-2/3, so that a d-2/3 fit to the data
appears as a horizontal line. This method of viewing the acceleration variance makes our
data’s agreement with the proposed d-2/3 scaling quite clear. The low errors and large
number of particle sizes utilized in this experiment provides the strongest evidence
currently available for a d-2/3 dependence of particle acceleration variance scaling. As we
have not yet determined our error bars we are unable to determine the range of exponents
which could be fit to this data, but the scatter of our data points about the trend in figure
4.7 suggest that these errors are typically on the order of 5%. This in turn suggests that the
range of possible scaling exponents is similarly small.
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Figure 4.5 Axial Normalized Acceleration Variance, ao, as defined by Equation 1.1. Filled
diamonds represent data obtained at a disk frequency of 1.6 Hz. Unfilled diamonds
represent data obtained at a disk frequency of 5.25 Hz. The fit is of the form ao = c d-2/3,
where c is a constant. Data point located at φ=7.5 has increased error due to breaking up of
tracks for this particle size. Short tracks decrease the amount of data available to calculate
acceleration variance at longer fit lengths. This increases the error in these values, and
therefore also increases the error in the extrapolation of acceleration variance used to
determine the data point in this plot.
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Figure 4.6 Transverse Normalized Acceleration Variance, ao, as defined by Equation 1.1.
Filled diamonds represent data obtained at a disk frequency of 1.6 Hz. Unfilled diamonds
represent data obtained at a disk frequency of 5.25 Hz. The curve in this plot is identical to
the d-2/3 fit to the less populated transverse acceleration variance plot in Voth et al. [3].

Figure 4.7 Here compensated transverse acceleration variance is plotted as a function
of particle size. The horizontal line represents a d-2/3 law. Here this d-2/3 law is a best fit
to the data, and not a replica of the d-2/3 fit used by Voth et al. Note that data appears
to follow the d-2/3 scaling for φ as low as 4.
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4.3 Possible Causes of Discrepancy about Onset of d-2/3 Scaling
Our results, shown in the above figures, clearly show a d-2/3 scaling for the
acceleration variance of large particles, with an onset at φ≈5. This does not agree with the
φ =15 onset of d-2/3 scaling suggested by Qureshi et al. [7]. The discrepancy between our
results suggests that there is a fundamental difference in between our respective
experiments. This difference may be influenced by the type of particles used, the style of
mixing used, or the Reynolds number of the flow used.

4.3.1

Reynolds Number
Low Reynolds number results in larger η relative to energy input length scale.

Therefore a low Reynolds number flow has a condensed inertial range: the range of length
scales over which the energy cascade proposed by Kolmogorov occurs. This inertial range
stretches from energy input length scale (L) to energy dissipation length scale (η).
Turbulent flows with Rλ < 200 exhibit almost no inertial range scaling. As the d-2/3 scaling
is proposed for particles whose diameters fall within the inertial range, one might expect to
see no d-2/3 scaling whatsoever in the experiment by Qureshi et al. [7]. No Reynolds
number dependence is seen in the acceleration variance at our two Reynolds numbers, or
in the work of Voth et al. [3], or that of Xu and Bodenschatz [8]. This would seem to
suggest that the Reynolds number does not play a role in the acceleration variance, but in
each of these experiments, Rλ is large enough that the large scales do not play a role in the
acceleration.

4.3.2

Type of Particles
Bubbles may be problematic. Qureshi et al. report the there were substantial

variations in particle size due to nozzle instabilities. Bubbles are fleeting compared to the
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constant properties of plastic spheres. It is possible that the bubbles had a tendency to rise
as the fluid enclosing the bubbles evaporated, or it is possible that these bubbles had a
tendency to sink as Helium escaped from them. It may be the case that the bubbles both
rose and sank, for the aforementioned reasons, and this affected acceleration variance but
not the mean acceleration of the flow. Similarly, weight may be unevenly distributed
through the bubbles, as excess fluid enclosing the bubble may be collected at the bottom
of the bubble. This would affect the way the bubble would react to forcing by small scale
eddies.

4.3.3

Style of Mixing
All measurements of large particle acceleration variance, other than those of

Qureshi et al., have been undertaken in a von Karman water flow between counter
rotating disks. It is possible that the inherent anisotropy of this flow or some other
unanticipated property of this flow, or the wind tunnel utilized by Qureshi et al. causes
different large particle behavior in these two flows.

5 Conclusions
Our results highlight the lack of particle size dependence in acceleration PDFs.
This is consistent with previous results, but also suggests that there is more to be
understood about the relationship between large particle acceleration and the pressure
gradient in turbulent flows.
Our results clearly show a d-2/3 scaling for the acceleration variance of large
particles. The onset of this scaling in our flow begins at φ≈5. These results are in sharp
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contrast to the φ =15 onset of d-2/3 scaling suggested by Qureshi et al. [7]. The fact that
our results are so different from those of Qureshi et al. suggests that there is a fundamental
difference between our two flows. This difference may be characterized by the type of
particles used, the style of mixing used, or the Reynolds number of the flow used.

5.1 Future Work
In the near future, we would like to improve the evidence for the d-2/3 scaling
relation by reducing noise of our current results and by expanding our range of phi. Noise
may be reduced by correlating axial particle accelerations in all three cameras and analyzing
data from those particles recorded in all three cameras. Our range of phi may be expanded
using the particle diameter determination technique relying on two beams. Binning based
on diameter will allow these acceleration variances to be compared with the acceleration
variances of small particles. As a test of the error of this method we will also determine
acceleration variances and diameters of the mono-dispersed 300 and 400 micron particles
and compare these values with those determined solely by tracking the bright spots in the
single beam cameras.
In order to in order to isolate cause of the discrepancy about onset of d-2/3 scaling
it would be fruitful to take measurements of large particle acceleration variances in a third
style of flow and at a greater range of Reynolds numbers.
Finally, we will determine the pressure structure function of our flow in order to
test the transition between small and large particle behavior proposed by Nelkin and Chen
[4].
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